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Abstract 

We introduce the notion of a free associative i^-algebra on the union of 
two disjoint sets and prove a generalization of Cohn's Theorem on Jordan 
algebras. 

It is well-known that the ordinary passage from an associative algebra A to 
a Lie algebra is established by the following binary operation: 

[x, y]=xy- yx for x, y £ A. (1) 

Replacing the sign — by the sign + and inserting a scalar factor — on the right 
hand side of fT}, the resulting binary operation: 

x o y — — (xy + yx) for x, y £ A (2) 

gives rise to the passage from an associative algebra to a Jordan algebra. 

As a generalization of Lie algebras, (right) Leibniz algebras have been studied 
recently by a group of researchers. If A is an associative ^-algebra, then the 
binary operation: 

(x, y) = xy - y x for x, y £ A (3) 

gives a passage from an associative ^-algebra to a (right) Leibniz algebra, 
where yo is the even component of y. Replacing the sign — by the sign + and 

inserting a scalar factor — on the right hand side of the resulting binary 
operation: 

x • V = 2 ( x Vo + yo x ) for x,y e A (4) 

introduces a class of non-associative algebras ( A, •). Since the way of producing 
the binary operation ([4]) from the binary operation ([3]) is the same as the way of 
producing the binary operation (J2J) from the binary operation {!]), we name the 
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class of non-associative algebras (A, •) the generalized Jordan algebras in [2J. 
Thus, the connection between Leibniz algebras and generalized Jordan algebra 
extends the connection between Lie algebras and Jordan algebra. Hence, if 
Leibniz algebras should be explored, then the generalized Jordan algebras should 
not be ignored. 

The purpose of this paper is to prove a generalization of Cohn's Theorem on 
Jordan algebras in the context of the generalized Jordan algebras. In Section 
1, we discuss the basic properties of a generalized Jordan algebra and establish 
the passage from an associative Z 2 -algebra to a generalized Jordan algebra. In 
Section 2, we state the universal property of the free associative Z 2 -algebra on 
the union of two disjoint sets. In Section 3, we introduce odd tetrads and extend 
Cohn's Theorem in the context of the generalized Jordan algebras. 

In this paper, all vector spaces are vector spaces over fields of characteristic 
not 2 and 3, and all associative algebras have an identity. 

1 Generalized Jordan Algebras 

We begin this section with the definition of a generalized Jordan algebra, which 
was introduced in [2J. 

Definition 1.1 A vector space J is called a generalized Jordan algebra 

if there exists a binary operation • : J x J — > J such that the following two 
properties hold. 

(i) The binary operation • is right commutative; that is 

x • (y • z) = x • (z • y) for x, y, z £ J. (5) 

(ii) The binary operation • satisfies the Jordan identity; 

(y • x) • (x • x) = (y • (x • x)) • x (6) 
and the Hu-Liu identity: 

x • (y • (x • x)) — (x»y) • (x • x) = 2(x • x) • (y • x) — 2((x • x) • y) • x, (7) 

where x, y G J . 

A generalized Jordan algebra J is also denoted by (J, +, •), where the binary 
operation • is called the bullet product. If there exists an element 1 of a 
generalized Jordan algebra (J, +, •) such that x • 1 = x for x G J, then J is said 
to be right unital and the element 1 is called a right unit. 

Definition 1.2 An associative algebra A is called an associative ^-algebra 

if A = Aq A\ (as vector spaces) and 

A A C A Q , AqAx + AxA C A x and A X A X = 0. (8) 
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If A = Aq © Ai is an associative Z2-algebra, then Aq and A\ are called the 
even part and odd part of A respectively. An element x of A = Aq © A\ can 
be written uniquely as x = xq + Xi , where xq £ Aq and x\ G A\ are called the 
even component and odd component of x, respectively. 

The following proposition establishes the passage from an associative Z^- 
algebra to a right unital generalized Jordan algebra. 

Proposition 1.1 If A = Aq(B Ai is an associative Zi-algebra, then A becomes 
a right unital generalized Jordan algebra under the following bullet product 

x»y = -(xyo + yox), (9) 

where x, y G A and yo is the even component of y. 

Proof First, the identity of the associative ^-algebra A is clearly a right unit 
by ©. 

Next, for x, y, z S A, we have 

&x»{yz) = 2x» {yz + z y) = x(yz + z y)o + {yz + z y)ox 
= x(y z + z a yo) + (y Q z Q + z y )x = x(zy + y z) + (zy + y a z) a x 
= 2x(z»y) a + 2(z»y) x = 4x»(z»y), 

which proves that the bullet product • defined by ([9]) is right commutative. 
Thirdly, we have 

4(y • x) • {x • x) = 2(yxo + Xoy) • (x • x) 

= [yxo + xoy) (x • x) + (x • x) {yx + x y) 

= (yx + x Q y)xl + xl(yx + x y) 

= {y x l)x + x (yxl) + {x%y)x + x {x 2 y) 

= {yxl + xly)x Q + x (yxl + x%y) 

= (y(x • x) + (x* x) y)x Q + x (y(x • x) + (x • x) y) 

— 2(y • {x • x))xq + 2xg(y • (x • x)) = (y • (x • x)) • x, 

which proves that the bullet product • defined by ([9|) satisfies the Jordan iden- 
tity. 

Finally, we have 

4x • (y • (x • x)) — 4(x • y) • (x • x) 

= 2x» (y(x • x)o + {x» x) y) - 2(x • y)(x • x) - 2(x • x) Q (x • y) 

= 2x • {yxl + x^y) - 2(x • y)xl - 2xl(x • y) 

= x(yxl + xly) Q + (yx 2 + xly) x - (xy + y x)xl - xl(xy + y x) 
= xy Q xl +xx^y + yox 2 x + xly x - xy xl -y xx 2 - xlxy - x 2 y x 

1 2 1 2 

= xx^yo + yoxlx ~ yoxxl - x^xyo (10) 
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and 



8(x • x) • (y • x) — 8((x • x) • y) • x 

= 2(xa;o + xox) • (yx + x Q y) - 4((xx a + x Q x) • y) • x 
= (xx + x x)(yx + x y) + (yx Q + x a y) (xx + x x) + 

-2((xx + x x)y + y (xx Q + x x)) • x 
= (xx + x a x)(y x Q + x a y ) + {y x + x yo)(xx + x Q x) 

-(xxoVo + x xy + yoxx + y x x)x + 

-x (xx y Q + x xy Q + y xx + y x x) 
= xx y x +xx a x ya + x xyoXo + XoXX yo + yoXoxx +y x o x x - 

1 2 

+ x y a xx + x y x x - xx y x 

5 6 1 

- Voxoxxo - x xx yo -x xoxy - 

4 3 

= xx%y + yoxlx - yoxxl - x^xyo (11) 

It follows from ||TU|) and (JTTJ) that the the bullet product • defined by © 
satisfies the Hu-Liu bullet identity. 




This completes the proof of Proposition ll.il 

□ 

Remark Except associative i^-algebras, there exists another class of asso- 
ciative algebras which can be also used to generalize the well-known passage 
from an associative algebra to a Jordan algebra. The class of associative al- 
gebras are called invariant algebras in [3]. In fact, if we replace the sign — 
appearing among the four Hu-Liu angle brackets introduced in Section 1.3 of [3] 
by the sign +, then resulting new binary operations give a few passages from 
an invariant algebra to a generalized Jordan algebra. 

For convenience, we will use A + to denote the right unital generalized Jordan 
algebra obtained from an associative Z2-algebra A — A$(& A\ by using the bullet 
product Q . Note that A is a ordinary Jordan algebra with respect to the bullet 
product ©. 

Definition 1.3 Let I be a subspace of a generalized Jordan algebra (J, +, •). 

(i) I is called an ideal of J if I • J + J • I C I . 

(ii) / is called a (generalized Jordan) subalgebra of J if I • I C I. 

The annihilator J ann of a generalized Jordan algebra (J, +, •) over a vector 
space k is defined by 

jann ,_ k( X • y - y • x) . (12) 

x,y£j 
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For x, y, z G J, we have 

z • (x • y — y • x) — z • (x • y) — z • (y • x) = 

and 

(x • y — y • x) • z = ^(.t • y) • z — z • (x • y)j + (^z • (y • x) — (y • x) • z^j 

by the right commutative law. Hence, the annihilator J ann is an ideal of J. 

Definition 1.4 A generalized Jordan algebra J is called a simple generalized 

Jordan algebra if J ^ jann ^ jann q j ^ as no ideals which are not equal 
to {0}, J ann and J. 

If (J, +, •) is a right unital generalized Jordan algebra, then 

jann = { a | 1 . a = Q } 

and 

{l + a\ae J ann } = the set of all right units of J, 

where 1 is a right unit of J. 

Let (J, +, •) be a generalized Jordan algebra. The long associator [x, y, z]( 
is defined by 

[x, y, z]t := x • (y • z) - (x • y) • z - 2z • (y • x) + 2(z • y) • x, (13) 
where x, y, z £ J. By the Hu-Liu identity, we have 

[a;, y,x • x]e =0 for x, y £ J. (14) 
After linearizing (TT4")) . we get 

[a;, y, x • z]i + [x, y,z» x]t + [z, y, x • x] e = (15) 

and 

[x, y, w • z + z • w]e + [w, y, z • x + x • z]i + [z, y, x • w + w • x]i = 0, (16) 

where x, y, z, w G J. 

For a £ J, let L a : J — > J and i? a : J — > J be the left multiplication and 
the right multiplication; that is 

L a (x) := a • x, R a (x) := x • a for all x G J. 

For convenience, we also define 5 a by 

5 a := L a + R a for all a; G J. 
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It follows from ([5]), © and ([7]) that left multiplications and right multipli- 
cations have the following properties: 

L x L y = L x R y , R x , y = R ymx for all x, y E J, (17) 

RxtxRx for all x E J (18) 

and 

L x Rx»x ~ Rx»xL x — 2L xmx R x — 2R x L xtx for all x 6 J . (19) 
The long associator [x, y, z]g can also be written as 

!= {Ryz ~ RzRy 2L z Ly + 1L z% y)(x), 
= (L X R Z - R Z L X - 2L Z R X + 2R x L z )(y), (20) 
= {L X Ly — L X% y — 2Ry X + 2R x Ry)( y z) . 

By flU), (HU) is equivalent to 

{L/ x Ly Lx»y 2Ry mx 2R x Ry)S z -f- 

~^2(i?y # ( 2#;r ) R z *xRy L z % x + x%z Ly -\- L(z»x+x*z)»y) 

+(L z L y — L zty — 2R y%z + 2R Z Ry)S X = 0. (21) 

Letting a; = z in (f2"Tj) . we get 

{Ij x ljy L X *y 2Ry* X -\~ 2R X Ry)S X -\- 

— RxmxRy 2L xtx Ly + 2L^ xtx ^ m y — 0. (22) 

Recall from Section 9 of Chapter II in pQ that a vector space V over a 
Jordan algebra (^7, +, 0) is called a Jordan bimodule if there is a bilinear 
map (v, a) t— > wa form V x — > satisfying 

(!)((i0(i))» = H(a0a) (23) 

and 

2((va)&)a + v((a a) b) = 2(va)(a Qb) + (vb)(a a) (24) 

for seF and a, b E J. 

The next proposition shows that a generalized Jordan algebra structure is 
obtained by combining of a Jordan algebra and a Jordan bimodule. 

Proposition 1.2 If (J, +, •) is a generalized Jordan algebra over a field k, then 
the annihilator J ann becomes a bimodule over the Jordan alqebra under 

u Jann 

the following bimodule action: 

ux:=u*x for u E J ann x E J and x := x + J ann E — ^— . (25) 

" ' 7n.rj.rj. ^ ' 
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Proof Note that ^ -^ ann > ~K Q^j i s a Jordan algebra, where the product is 
defined by 

x Qy := x • y for x, y £ J. 

By the right commutative property, the action (|25f is well-defined. Accord- 
ing to (|23|) and ([24|). we need to prove 

{u(x Q x))x = (ux)(x Q x) (26) 

and 

2((ux)y)x + u((x x) y) = 2(ita)(z f/) + (ltf/)(5 x) (27) 
for w € J ann and x, y £ J. 
Since 

u(S 0i)=u a; • a: = u« (x« x) = (R x . x \J ann )(u), 
(|26|) follows from (fT8|) . 

Using L x | J an " = and S x \ J ann = R x \J ann , we get from ([22]) that 

—2R y , x R x (u) + 2R x R y R x (u) = R( x , x ), v (u) — R x , x R y (u) 

or 

-2{ux){x Qy) + 2{{ux)y)x = u((x x) y) — {uy)(x x), 
which is (|27| . 

□ 

We now give a way of constructing a generalized Jordan algebra structure 
from a Jordan algebra and a Jordan bimodulc over the Jordan algebra. 

Proposition 1.3 // (^7, +, ©) is a Jordan algebra and V a Jordan bimodule 
over the Jordan algebra {J , +, 0), then the vector space direct sum 

J := J © V = { (a, v) | a G J and w S V } 

becomes a generalized Jordan algebra under the following bullet product: 

(a,v) • (b,u) := (aQb,vb) a, b £ J and v, u £ V . (28) 

Proof Let (a, v), (6, u), (c, w) £ J © V, where a, b, c £ J and v, u, w £ V. 
First, we have 

(a, w) ((6, u) (c, w)j = (a, (b c, uc) = (a0(i0 c), w(6 c)) 
= (a (c 6), u(c 6)) = (a, v) (c 6, tub) = (a, u) ((c, w) (6, u)J , 

which proves that the bullet product • defined by (|28|) is right commutative. 



Next, we have 

( (b, u) • (a. vU • ((a, v) • (a, v)J = (b © a, ua) • (a a, va) 

= ((bQa)Q(aOa),(ua){aGa)j (29) 



and 



((b, u) • ((a, v) • (a, v) ) j • (a, u) = ( (i>, u) • (a a, tia)j • (a, v) 
= (b (a a),u(a a)^ • (a,v) 

= f(&©(a©a)) a, (it(o0a))oj. (30) 

By (|29p and ([3D]), the bullet product • defined by (|28[) satisfies the Jordan 
identity. 

Finally, we have 

(a, v) • ((&, u) • ((a, u) • (a, - ((a, u) • (6, u)J • ({a, v) • (a, «)J 
= (a, u) • ( (6, u) • (a a, va)^ — f (a 6, u6) • (a a, ua)^ 
= (a, n)«|i0(fl0 a), u(o a)) - ({a 6) (a a), (w6)(a a) J 
= (o0(6 0(a0a)),w((*0 (s0a))| - ((a 6) (o0a),(t;li)(a0a)j 
= fo,u((a0a)0 6)-(t)&)(a0o)j (31) 

and 

2^((a,v) • (a,v)) • ((b,u) • (a,u))) - 2^((a,v) • (a,v)) • • (a,v) 

= 2^(a a, va) • (6 a, ua)^ — 2^(a a, va) • (6, u)^ • (a, u) 
= 2^(a a) (b a), (vo)(6 a)) - 2^(a © a) © 6, (va)b \ • (a, u) 
= 2^(fl0o)0(l)0 a), (va)(b a) J - 2^((a a) 5) a, ((ua)6)aj 
= (o,2H(a0i)j -2((ua)6)o). (32) 



By (|5Tj) and (J32J), the bullet product • defined by (|28|) satisfies the Hu-Liu 
identity. 



This completes the proof of Proposition 11.31 

□ 
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2 Free Associative ^-Algebra 



Let X and 8 be two disjoint sets. Let TA\X U 8] denote the free unital It- 
associative algebra on the set XU0; that is, TA\X U 8] is a vector space over 
k with a basis consisting of all monomials u\ ■ ■ - u n for all n > ( the empty 
product for n = serving as unit 1) and all Uj G X U 8, with the associative 
product determined by linearity and juxtaposition: 

(«!••• U n )(u n+1 ■ ■ ■ U n+m ) =«!••• U n U n+1 ■ ■ ■ Un+m- 

The 6-degree deg e (iii ■ ■ ■ u n ) of a monomial u\ ■ ■ ■ u n is defined by 
deg (ui ■■■u n ) ■= 

Let 



ifn = 0, 

| Ui G 8 and 1 < i < n}\ if n > 1. 



4 := kt2 - 
u is a monomial 
and deg e (u) > 2 

Then J e is an ideal of the free associative algebra .F.4LYU8] . We use TA2 [XU8] 

, , TA\XU®\ , 
to denote the quotient associative algebra , where 

X := { x I x = x + I e and x G X } 

and 

8 := {0|6> = + / e and G 8}. 

Then JT^4 2 [X U 8] is an associative Z 2 -algcbra whose even part TAi\X U 8]o 
and odd part TAi [X U 8] 1 are given by 

TA 2 [Xue] Q := kx h ---x in 

n>0 

Xi-^ , • • • , Xi n G X 



and 



M[lU9]i:= k.r, : II 

n,m>0 

•^il ; * ' ' ; "^i n ^- ^ 
■^jl ) " ' ' 5 *^jm ^ 
^ ^ii ' ■ ' ;c i 71 G 8 



^1 



jF^fX U 8] is called the free associative Z 2 -algebra on the set X U 8. The 

next proposition gives the universal property of TA2 [X U 8] . 
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Proposition 2.1 If is a map from the set XUQ to an associative Z 2 -algebra 
A = Aq A\ such that </>(©) C A\, then <f> can be extended uniquely to an 
associative algebra homomorphism from TAi\X U 0] to A; that is, there exists 
a unique associative algebra homomorphism <fi : TA.i\X U 0] — > A such that 
4>\(X U Q) = <f>. 

Proof <fi is clearly unique. We need only to prove the existence of </>. By the 
universal property of the free unital associative algebra TA[X U 0] , there exists 
an associative algebra homomorphism cf> : TA\X U 0] — ► A such that 

kv) = (33) 

where y = y + and jelU6. If u is a monomial with deg (u) > 2, then 
there exist y^, • • • , y, t elU6 and 6>i, 6% € 
checkTheta such that 

u = Vi 1 --- yt n &\ y in+1 ■ ■ ■ y in+m 6 2 Vi n+m+1 

Since <p(9i) G Ai for i = 1 and 2, it follows from (|33| that 

cf>(u) = <p{y ll )- ■ ■ (j>(yi n ) <j){Qi) kyi n +i) ■ ■ ■ <f>(yi n+m ) 0(^2) ^fe„ +m+1 ) • ■ • Hvu) 

= Vn'-- Vin 1 Vi n +1 ■ ■ ■ Vin+m 2 Vi n + m + 1 ' " ' Vi t = ' 

which proves that J e C Ker(f>. Thus, <f> induces an associative algebra homo- 
morphism 

0:^[Xue] = ^f U6 UA 
such that </>(y) = 4>{y) = 4>(y) for y e X U 0. This proves Proposition ^. 11 

□ 



3 Generalized Cohn's Theorem 

Let (J r A2[XUO) + , +, •) be the right unital generalized Jordan algebra obtained 
from the free associative ^-algebra TA^yX U 0], where the bullet product • 
is defined by ([9]). The free associative Z2-algebra TA^yX U 0] has a unique 
reversal involution * such that 

1*:=1, (2/12/2 ••• VnT ■= Vn ■■■ Vtvl for y lr ■ ■ ,y n S XU 0. 

It is clear that the reversal involution * preserves the ^-grading of J 7 A2[XUQ]. 
An element a of TAi\X U 0] is said to be reversible if a* = a. If a and b are 
two reversible elements of TA2 [X U 0] , then 



(a • 6)" 



1 \ * 1 

-(a&o + Mj =-((&o)*a*+a*(6 )*) 



i((6*) a* +a*(6*) ) = ~(& a + a& ) = a 



= a • b. 
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This proves that the reversible elements ol TA2XX U 9] form a right unital 
generalized Jordan subalgebra H(J-A2[X U ©],*) of TA2\X U 6] + . 

In the remaining of this section, we fix an ordering of XUQ with the following 
property: 

9 < x for 9 e and x e X. 
For y u ---,y n £XL>Q, let 

{yi,V2, - ■ ■ ,Vn} ■= ]^{yiV2---Vn J rVn---V2Vl)- 

If x%, X2, X3, X4 are distinct elements of X and 9 6 6, then {x±, X2, £3, £4} 
with x\ < X2 < X3 < X4 is called an even tetrad, and {9, Xi, x%, X3} with 
x\ < X2 < X3 is called an odd tetrad. 

The following proposition gives a generalization of Cohn's Theorem. 

Proposition 3.1 The right unital generalized Jordan algebra TC(J-A 2 [XUQ], *) 
of reversible elements of the free associative Z2-algebra TA2\X U 0] coincides 
with the generalized Jordan subalgebra TL' of J 7 A2[XUQ] + generated by 1, XUQ 
and all even tetrads and odd tetrads. 

Proof It is clear that TL' C Ti(J-A2[X U 0], *). Hence, we need only to prove 

H(J 7 A 2 [Xue},*) CH'. (34) 



n,m > 0, 9 e 
j * ' ' 7 x rn G X 



{xi, x 2 , ■ ■ ■ ,x n , 9} if n = m, 
{9,Xi,X2, ■ ■ ■ ,x m } if n = 0. 



It is easy to check that H(J-A2[X U 0], *) is spanned by the set 
{xi , X2 , ■ ■ ■ j x n } , {x \ , X2 , • ■ ' , x n , 9 , x n -\. \ , • • • , x m } 
where 

{xi,X2, ' ' ' 1 X n: 9 : X n -\- \ 7 • • • ,x m } . 

Hence, in order to prove (|34[) . it is enough to prove 

{x\, X2, ■ ■ ■ , x n } = O(modH') for n > (35) 

and 

{x±, X2, ■ ■ ■ , x n , 9, x n +i, ■ ■ ■ , x m } = ( mod7i') for < n < m. (36) 

It follows from Chon's Theorem that (|3"5|) holds. Thus, the only thing we 
need to prove is (|36p . We will prove (|36[) by induction on m. 



Clearly, we have 

{9} = 9, {x 1 ,9} = {9,x 1 } = 9,x 1 , (37) 
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{9,xi,x 2 } = {x2,Xi,6} — (8 • xi) • x 2 - (8 • x 2 ) • X\ + 8 • (xi • x 2 ) (38) 

and 

{xi, 6, X2} = (8 • a:i) • X2 + (6 • X2) • xi — 8 • (x± • x 2 ). (39) 
It follows from ([57 J) . ((38 ]) and (|3"9 ]) that flSBJ holds for m = 0, 1 and 2. 

We now assume that m > 3 and 

{zi, • • • ,z a , 8, z s+1 , ■ ■ ■ ,z t } = ( modW). ( 40 ) 

where < s < t < m, 8 £ Q and zi, z f e I. If < h < m — n and 
m — n> 1, then (|33|) and imply 

H 1 3 %{xx, ■■ -,x n ,8, x n+ i, ■ ■ ■ ,x n+ h} • {x n+ h+i, ■ ■ ■ ,x m } 
= 2(xi ■ ■ ■ x n 8x n+ i ■ ■ ■ X n +h + x n+h ■ ■ ■ x n+1 8x n ■ ■ ■ Xi) • 
*(*£n+fo+l ' ' ' X m -\- X m • • • X n -\-fi-\-\) 

= (xi ■ ■ ■ x n 8x n+ i ■ ■ ■ x n+h + x n+h ■ ■ ■ x n+1 8x n ■ ■ ■ xi) ■ 

\Xn-\-h-{-\ ' ' ' x m Xfji • • • X n J r }iJ r \') -\- 
^{.Xn+h+l ' ' ' XfYi ~t~ X m ' ' ' X n J r ]- l J r \^ 

■{xi ■ ■ ■ x n 8x n+ i ■ ■ ■ x n+h + x n+h ■ ■ ■ x n+ i8x n ■ ■ ■ xi) 
— x\ • • ■ x n 8x n j r \ • • ■ x m -\- x\ • • ■ x n 9x n -\-\ • • • x n -i r } l x ln • • ■ x n -}-/i^i ~\~ 



or 







1 


2 




-h 


' ' ' Xn+l8Xn • ' 


■XlX n+ h+l ■ ■ ■ X m + 






3 




+ x n ^ 


-h 


■ x n j r \9x n 


' %l%m ' ' ' ^n+Zi+l H~ 






4 




+ X n -\ 


-h 


4-1 X m Xi 


x n Qx n .\-i • • • Xji-^-fi -\- 






4 




+ x n ^ 


-h- 


-(-1 ' X m X n ^-}i 


■ ■ -Xn+idXn ■■ -Xi + 






2 








' X n+ h+lXi ■ ■ ■ 


x n Qx n .\-i • • • Xji-^-fi -\- 


3 



2{xi , • • • , x n , 6 , x n -\-i 5 • • • , x m } -\- 

~h2{xi , • • • , X n , 6 ', X n -\-i 5 • • • , Xfi^-fx , Xm j • • • , } ~h 

-\~\X±j • • • , X n , , • • * j X n _[_/ l j X m j • • • 5 X n -|_/j,-|_i } -)- 
"h^^n+Zi 1 ' ' ' ; ^n+b ^5 ^n; ' ' ' j ^1? ^ri+Zi+lj ' ' ' ? } ~l~ 
~t~{*^n+h ; * * * 5 1 ^ 1 1 ' ' ' 1 1 ) * * * j *^n+/i+l } 

= ( mod W ) for < h < m — n and m — n > 1. (41) 
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Let h = n = in (jlTj) , we get 



{6,xi,---, x m } + {9, x m , ■■■,x 1 } + 

+{6,xi, - ■ ■ ,x m } + {9,x m , - ■ ■ ,xi} = 0(mod7Y') 



or 



{6,x 1 ,x 2 , - ■ ■ ,x m } = -{6,x m ,---,x 2) x 1 }(modH'). 
Let h = m — n — 1 in (J^TJ) , we get 



(42) 



{xi , ■ • • , X n , 6 , , • • ■ , X m } -h {xi , • • ■ , X n , 0, X n 4-1 j * • • , x m — i , x m j- -f- 

+{x m -i, • • • ,x n+ i, 6', x n , • • • , xi,x m } = (inodW') 



or 



{xi , • • • , X n , 6 , Xn-fl , • • • , X m } — {x m — 1 , ' ' ' , X n +1 , 6 , x n , • • • j Xi , x m } 

= -{x m , xi, • • • , x n , 6*, x n+ i, • • • , x m _i} ( mod W). (43) 
It follows that 



\2G\ } * ' ' } X n , X n -|-1 , • • • , X m } — {-^m } j * * * j ? ^? j * * * 3 *^m— 1 } 

( l) {x m — 1 j X ra , Xi , * ■ • , Xn , Xn+1 3 ' ' ' 7 Xm — 2 } 



-l) m ™{x n+ i, • • • ,x m ,xi, • • • ,x n ,6} (mod7i') 
-l) m -"{6>,x„, • ■ ■ ,xi,x m , • • ■ , x n+ i} ( mod «') 

-l) m - n+l {e,X n+1 ,---,X m ,Xi---,X n } 

1) {^n 7 3 " * * 3 i * ' ' i ^n— 1 } 

— l) ^ 1*^1 ? * " ' ) %n j $3 2*71+1 j * ' ' 3 *£m } 

-l) m+1 {xi, • • • ,x„, 6*, x n+ i, ■ • ■ , i m }(modW') 



(44) 
(45) 



(46) 



By (|4"6")l , (|3^|) holds for even m. From now on assume that m is odd and 
m > 3. By ([45]) , to complete the proof of Proposition 13. 1[ the only remaining 
thing we need to prove is 

{9,Xi, ■ ■ ■ ,x m } = (modW) for m is odd and m > 3. (47) 

Letting n — and h = m — 2 in flTj) , we get 

xi , • • • , X m j -\- {9} X\ , • • • , X m _2 , X m , X m — 1 } + 
~t~{x m _2 j *'';Xi,^,X m _i, X m } -(- 

~t~{Xm — 2 7 ' ' ' ) Xl , Xm j X m — 1 } = O(modH') (48) 
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It follows from 03]) and igSJ) that 

{6>,xi, • • ■ ,x m } = -{9,xi, ■ ■ ■ ,x m _ 2 ,x m ,a; m _i}(modW)- ( 49 ) 
By (gU , we have 

{0,xi, • • • ,x m } = -{xi, ■ ■ ■ ,x m _i,x TO ,0}(modW)- (50) 
Since the cycle ( Xl X2 x m—i x m \ anc j ^ e transposition 

V Xl X 2 x* •■■ Zm v J 



xi x 2 x 3 

Xl ' ' ' Xjji — 2 X m — ± X rn 
Xi ■ • • X m _ 2 X m X m _i 

the set {9, Xi, ■ ■ ■ , x m }, it follows from (|4*§|) and ([50)) that 



generate the symmetric group S m +i on 



{9, xi, ■ ■ ■ ,x m } = ($igna){a(9),a(xi), ■ ■ ■ , cr(x m )}( mod W) (51) 

r , • I 9 Xl Xl X m \ . „ , 

lor any permutation a = , ns . , , . , N mS m+1 , where 

J \ <r(6) cr(xi) a(x 2 ) ■■■ a(x m ) J m+1 ' 

signer denotes the sign of the permutation a. 

If m = 3, then there is a permutation a = ( . j 1 " 1 , i^ 2 . ^ , ] on 



cr(xi) cr(x 2 ) cr(x 3 ) 
the set {#,xi,x 2 ,x 3 } such that cr(xi) < <r(x 2 ) < a[xs). Using this permutation 
a and (|5*Tj) . we get 

{6>,xi,x 2 ,x 3 } = ±{6»,ct(xi),ct(x 2 ),ct(x 3 )} = O(modW'), 

which proves that (|4T|) holds for m = 3. 

In the remaining of the proof, we assume that m is odd and m > 5. Let 
n = and /i = 3 in (14T1). we get 



{6», xi, • • • , x m } + {6>, xi, x 2 , x 3 , x m , • ■ ■ , x 5 , x 4 } + 
+{x 3 , x 2 , xi, 9, x 4 , X5, • • • , x m } + 

+{x 3 ,x 2 , xi,6»,x m , • • • ,x 5 , x 4 } = O(modW)- ( 52 ) 

Let r and /x be two permutations on the set {9, xi, x 2 , ■ • ■ , x m } defined by 

9 xi x 2 • • • x TO _i x„ 

xi x 2 x 3 • • • x m 6* 

and 

x 3 x 2 Xi x m x m _i • • • x 4 



A* 

' " Xi X 2 X 3 X m X m _i ••■ x 4 

Then /x is even and 

4 / ^ Xl ' ' • X m _4 X m _ 3 X m _ 2 X m — 1 X 



r 

■ X 4 X 5 • ■ ■ X m V Xl x 2 x 3 
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Using t, fi and (fSTj) , ([52")) implies 

4{6»,xi,---,a; m } ee O(modH'), 

which proves that (j4"T|) holds for odd m > 5. 
This completes the proof of Proposition 

□ 
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